Abstract. Let D be an integral domain and ⋆ a semistar operation stable and of finite type on it. In this paper we define the semistar dimension (inequality) formula and discover their relations with ⋆-universally catenarian domains and ⋆-stably strong S-domains. As an application we give new characterizations of ⋆-quasi-Prüfer domains and UMt domains in terms of dimension inequality formula (and the notions of universally catenarian domain, stably strong Sdomain, strong S-domain, and Jaffard domains). We also extend Arnold's formula to the setting of semistar operations.
Introduction
All rings considered in this paper are (commutative integral) domains (with 1); throughout, D denotes a domain with quotient field K. In [22] , Okabe and Matsuda introduced the concept of a semistar operation. Let D be an integral domain and ⋆ a semistar operation on D.
In [24] we defined and studied the ⋆-Jaffard domains and proved that every ⋆-Noetherian and P⋆MD of finite ⋆-dimension is a ⋆-Jaffard domain. In [25] we defined and studied two subclasses of ⋆-Jaffard domains, namely the ⋆-stably strong S-domains and ⋆-universally catenarian domains and showed how these notions permit studies of ⋆-quasi-Prüfer domains in the spirit of earlier works on quasiPrüfer domains. The next natural step is to seek a semistar analogue of dimension (inequality) formula [15] . In Section 2 of this paper we define the ⋆-dimension (inequality) formula and show that each ⋆-universally catenarian domain satisfies the ⋆-dimension formula and each ⋆-stably strong S-domain satisfies the ⋆-dimension inequality formula. In Section 3 we give new characterizations of ⋆-quasi-Prüfer domains and UMt domains in terms of the classical notions of dimension inequality formula, universally catenarian domain, stably strong S-domain, strong S-domain, and Jaffard domains. In the last section we extend Arnold's formula to the setting of semistar operations (see Theorem 4.6) .
To facilitate the reading of the introduction and of the paper, we first review some basic facts on semistar operations. Denote by F (D) the set of all nonzero D-submodules of K, and by F (D) the set of all nonzero fractional ideals of D; i.e., E ∈ F (D) if E ∈ F (D) and there exists a nonzero element r ∈ D with rE ⊆ D. Let f (D) be the set of all nonzero finitely generated fractional ideals of D. Obviously, f (D) ⊆ F (D) ⊆ F (D). As in [22] , a semistar operation on D is a map ⋆ : F (D) → F (D), E → E ⋆ , such that, for all x ∈ K, x = 0, and for all .) The domain D is said to satisfy the ⋆-dimension formula (resp. ⋆-dimension inequality formula) if for all finitely generated domain
then these definitions coincides with the classical ones (see [20] , [?] , and [15] ). (1) D satisfy the ⋆-dimension formula (resp. ⋆-dimension inequality formula); (2) D P satisfy the dimension formula for each P ∈ QSpec ⋆ (D) (resp. dimension inequality formula); (3) D M satisfy the dimension formula for each M ∈ QMax ⋆ (D) (resp. dimension inequality formula).
Proof. We only prove the case of dimension formula and the other case is the same.
(1) ⇒ (2) Let P ∈ QSpec ⋆ (D). Let T be a finitely generated domain over D P . So that there exist finitely many elements
and T ′ is a finitely generated domain over D. Let Q be a prime ideal of T and set qD P := Q ∩ D P , where q(⊆ P ) be a prime ideal of D. Thus there exists a prime ideal
Since q ⊆ P , we have q is a quasi-⋆-prime ideal of D. Since ⋆-ht(q) = ht(q), then by the hypothesis we have:
Since ht(Q ′ ) = ht(Q) we see that
Suppose that T is a finitely generated domain over D. Let Q ∈ Spec(T ) and set P :
. Let M be a quasi-⋆-maximal ideal of D containing P . Note that T D\M is a finitely generated domain over D M and that Q ∩ (D\M ) = ∅. Thus QT D\M ∈ Spec(T D\M ) and
Therefore by the (3), we have
where
Following [25] , the domain D is called ⋆-catenary, if for each pair P ⊂ Q of quasi-⋆-prime ideals of D, any two saturated chain of quasi-⋆-prime ideals between P and Q have the same finite length. If for each n ≥ 1, the polynomial ring D[n] is ⋆[n]-catenary, then D is said to be ⋆-universally catenarian. Every P⋆MD which is ⋆-LFD (that is ht(P ) < ∞ for all P ∈ QSpec ⋆ (D)), is ⋆-universally catenarian by [25, Theorem 3.4] . 
. Following [24] , the ⋆-valuative dimension of D is defined as:
Although Example 4.4 of [24] shows that ⋆-dim(D) is not always less that or equal to ⋆-dim v (D), but it is observed in [24] 
When ⋆ = d the identity operation then d-Jaffard domain coincides with the classical Jaffard domain (cf. [1] ). It is proved in [24] , that D is a ⋆-Jaffard domain if and only if
for each positive integer n. In [1, Page 174] it is proved that a finite-dimensional domain satisfying the dimension inequality formula is a Jaffard domain. In the following result we give the semistar analogue of the mentioned result.
. Then D P is a finite dimensional domain and satisfies the dimension inequality formula by Proposition 2.2. Consequently D P is a Jaffard domain by [1] . Thus using Lemma 2.5, we have
Thus D is a ⋆-Jaffard domain.
Therefore we have the following implications for finite ⋆-dimensional domains:
Let D be a domain with quotient field K, let X be an indeterminate over D, let ⋆ be a semistar operation on D, and let P be a quasi-⋆-prime ideal of D (or P = 0). Set S
It is proved in [10, Theorem 3.2] that the mapping ⋆/P :
, is a stable semistar operation of finite type on D/P ; i.e., ⋆/P = ⋆/P , QMax (⇐) It is enough to consider P = 0, since we have ⋆/0 = ⋆.
In [21, Corollary 14.D] it is proved that a Noetherian domain D is an universally catenarian domain if and only if
D is catenary and D/P satisfies the dimension formula for each P ∈ Spec(D). In the following result we give the semistar analogue of this result. Theorem 2.9. Let D be a ⋆-GD domain. The following statements are equivalent:
Proof. 
Characterizations of ⋆-quasi-Prüfer domains
In this section we give some characterization of ⋆-quasi-Prüfer domains. We need to recall the definition of (⋆, ⋆ ′ )-linked overrings. Let D be a domain and T an overring of D. Let ⋆ and ⋆ ′ be semistar operations on D and T , respectively. One says that T is (⋆,
when F is a nonzero finitely generated ideal of D (cf. [11] ). In particular we are interested in the case ⋆ ′ = d T . We first recall the following characterization of ⋆-quasi-Prüfer domains. (
Proof. We only prove the equivalence of (1) ⇔ (5) and the proofs of (2) 
where the first inequality holds since dim(S Q ) ≤ dim v (S Q ) and the second one is by [15, Lemma 6.7.3] . The conclusion follows easily from the fact that dim(T q ) = dim v (T q ).
(2) ⇒ (1) Let T be an overring of D and ⋆ ′ be a semistar operation on T such that T is (⋆, Recall that an integral domain D is called a UMt-domain if every upper to zero in D[X] is a maximal t-ideal and has been studied by several authors (See [19] , [13] and [7] ). It is observed in [ (
Arnold's formula
In the last section we extends some results of J. Arnold of the dimension of polynomial rings to the setting of the semistar operations. First we wish to give the following lemma which is a new property of semistar valuative dimension. When ⋆ = d D , the equivalence of (1) and (3) of the following theorem is due to J. Arnold [2, Theorem 6] . Theorem 4.2. Let D be an integral domain, and n be an integer. Then the following statements are equivalent:
(
-linked overring T of D has dimension at most n, and n is minimal.
Proof. The equivalence ( 
where the first inequality holds by [24 As an immediate consequence we have:
One of the famous formulas in the dimension theory of commutative rings is the Arnold's formula [2, Theorem 5] which states as
Now we prove the semistar analogue of Arnold's formula.
Lemma 4.4. Let D be an integral domain and n be an integer. Then
Proof. If P is a quasi-⋆-prime ideal of D, and if 
Therefore the proof is complete.
Corollary 4.5. Let D be an integral domain and n be an integer. Then there exist a quasi- 
Proof. By Lemma 4.4 there exists a quasi-
⋆-maximal ideal M of D such that ⋆[n]-dim(D[n]) = dim(D M [n]). Thus there exists a prime ideal Q of D[n] such that Q ∩ (D\M ) = ∅, dim(D M [n]) = ht(QD M [n]) and that QD M [n] is a maximal ideal of D M [n]. Since Q ∩ D ⊆ M
